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 A new cellular automaton technique was developed based on the finite difference scheme 
to analyze structures such as beams and plates as well as the acoustic wave equation. The 
technique uses rules for a cell, and the rules are applied to all cells repeatedly. The technique is 
very easy to write a computer code and computationally efficient. Like the standard cellular 
automaton, many different boundary conditions can be applied easily to the new technique. The 
technique was applied to both structural and fluid-structure interaction problems. The fluid 
domain was modeled as either the acoustic medium without flow using the newly developed 
cellular automaton rules or the fluid flow medium using the lattice Boltzmann technique. 
Multiple example problems were presented to demonstrate the new technique. Those included 
dynamic analyses of beams and plates, acoustic wave problems, and coupled fluid-structure 
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I.  Introduction 
 Most of engineering problems are too complex to obtain analytical solutions. As a result, 
various numerical solution techniques have been developed to solve such complex problems. 
Some of those techniques have made significant progresses. One of them is the finite element 
method (FEM) [1-5]. This technique has been used extensively for structural analyses as well as 
other engineering applications. More recently, meshless methods have been developed to 
eliminate the mesh generation associated with the finite element method [6-9].  
 Another commonly used technique is the finite volume method which has been 
extensively applied to computational fluid dynamics [10-11]. The lattice Boltzmann method 
(LBM) has evolved since 1990’s to solve the Navier Stokes equations [12-20]. The LBM was 
developed from the cellular automaton (CA) technique [21-22]. 
 The CA technique is based on rules, and the rules are applied to every cell [23-33]. 
Therefore, the CA technique is easy for programming as well as for implementation to parallel 
computing. The CA technique was applied to a biological system initially and extended to other 
applications. The moving objects were considered using CA [29, 30]. This concept was applied 
to the wave equation [32, 33]. Coupling of different techniques such as FEM, LBM and CA were 
attempted to take advantage of each method to solve multiphysics problems such as fluid-
structure interaction [19, 20, 32-24]. To the author’s best knowledge, there is no report stating 
the CA technique was applied for structural dynamics such as beam, plate and shell bending 
analyses.  
 In this work, a new CA technique was developed to analyze beam and plate bending 
problems using the finite difference scheme. In other words, rules were developed for beam and 
plate structures at each cell using the corresponding differential equations. Then, the rules were 
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applied to every cell in the domain. In addition, a new CA rule was also presented for the 
acoustic domain problem. Then, a structure modeled using CA was coupled with either an 
acoustic domain modeled using CA or a fluid flow modeled using LBM for fluid-structure 
interaction applications. 
 The subsequent section presents the new CA technique for beam, plate and acoustic wave 
problems. Then, coupling techniques are discussed between the CA and LBM for fluid-structure 
interaction problems. Therefore, the LBM technique is also presented. Then, multiple example 
problems are provided for beam and plate bending as well as the acoustic wave propagation. 
Furthermore, coupled examples between a structure and an acoustic medium or fluid flow 
medium are also discussed. The present numerical solutions are compared to other analytical or 
numerical solutions, if available, in order to verify the new CA technique. Finally, conclusions 
are provided at the end. 
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2. New Cellular Automaton Technique 
 The proposed cellular automaton is based on the finite difference scheme at each cell. As 
a result, it is called the finite difference based cellular automata (FDCA) technique from now on. 
The FDCA uses the finite difference expressions for a given differential equation. Then, the 
finite difference expression is the rule to be executed at every cell. Therefore, there is no 
assembly into a matrix equation as conducted in the standard finite difference technique. 
 As the first example, let’s consider the differential equations for the beam bending 

















where M is the bending moment, EI is the beam rigidity, w is the transverse displacement, p is 
the load intensity per unit length, m is the mass density per unit length, x is the spatial variable 
along the beam length, and t is the time variable. 
The operating rules at each cell using the FDCA technique are expressed as below: 
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in which ∆t is the time step size, ∆x is the cell size, the superimposed dot denotes the temporal 
derivative, and subscript i  indicates the i-th cell. This set of rules are applied to every cell. They 
can be applied to all cells simultaneously for parallel computing. In order to apply a boundary 
condition, a fictitious cell may be necessary next to the actual cell. For example, if a boundary 
Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 


















Downloaded From: http://pressurevesseltech.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jpvtas/0/ on 02/27/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use
6 
 
condition is applied at the left-side cell, the first cell, then a fictitious cell called the zeroth cell is 
introduced if necessary. 
 The simply supported boundary condition at the first cell is applied as 
 1 10,  0u M= =  (3) 
This does not require the fictitious cell. The clamped boundary condition at the first cell is 
applied as 
 1 0 20,  u u u= =  (4) 
This requires the fictitious zeroth cell. Then, the free boundary condition at the first cell states 
 1 0 20,  M M M= =  (5) 
This also needs the zeroth cell. 














where ( ) / (1 )x yM M M ν= + + ; and xM  and yM  are the bending moment per unit length about 
the x and y axes which are defined on the mid-plane of the plate, and ν  is Poisson’s ratio. In 







 is the plate rigidity where E is the elastic modulus and h is the plate thickness, m 
is the mass per unit area, and q is the pressure loading.  
 Applying the FDCA procedure to the plate governing equations yields 
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in which the subscripts i and j denote the cell at the (i,j) location. The simply supported cell has 
the zero displacement and moment, respectively, and this does not require a fictitious cell. On the 
other hand, the clamped cell has the zero displacement and slope, respectively. So as to represent 
the zero slope, a fictitious cell is necessary. For example, if the left side boundary of the (1,j) cell 
is clamped, the slope boundary condition states 
 (0, ) (2, )w j w j=  (8) 
where the (0,j) cell is the fictitious cell. 











where p is the acoustic pressure and c is the wave speed. The mathematical expression of the 
corresponding FDCA rule is 
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 The boundary condition is explained in terms of the 1D example because it can be easily 
extended to 2D and 3D, respectively. Considering the left-hand side boundary with the first cell, 
the rigid boundary condition states 
 (0) (2)p p=  (11) 
The free boundary condition is applied as 
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 (0) 2 (1) (2)p p p= −  (12) 
The non-reflective boundary condition is applied as 
 (0) (1),    (2) 0p p p= =  (13) 
 As the present CA formulation for the acoustic wave equation is compared to the old CA 
formulation [32-34], the latter used the expression which normalized the time based on the wave 
speed and the cell size. In addition, the old technique applied the rule to every other cell location 
for one time step increment. For example, consider a checker board as shown in Figure 1 which 
consists of white and black cells one after another. The old CA rule is applied to all white cells 
for one time step calculation. Then, the same rule is applied to all black cells for the subsequent 
time step computation. The present CA technique is applied to all cells together. The old CA 
expression is given below 
 ( ) ( ) ( ) ( ) 2 ( )( )
2
e w n s c
c
p t p t p t p t p tp t t + + + −+ ∆ =  (14) 
where subscripts ‘c’, ‘e’, ‘w’, ‘n’, ‘s’ indicate the center and its von Neumann neighborhood, 
east, west, north and south. 
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3. Coupling of Cellular Automaton and Lattice Boltzmann Techniques 
 In order to analyze fluid-structure interaction problems, both fluid and structural domains 
should be solved either together or in a staggered manner. For convenience in terms of 
programming and general applicability, the latter scheme was chosen in this study. The fluid 
domain is analyzed first. Then, the pressure loading resulting from the fluid domain analysis is 
applied to the structure to analyze the structural problem. After the structural analysis, the 
structural velocity is applied to the fluid domain. This cycle iterates for the converged solution 
between the two domains. Then, the same process continues for the next time step.  
In the present formulation, discrete time step sizes can be selected for each domain. If 
each problem domain requires different time step sizes for numerical stability, the smaller of the 
two is selected as the time step size for both problems. If there is a major difference between the 
two time step sizes, the time steps can be selected as 1 2t n t∆ = ∆  where t∆  is the time step size, 
subscripts 1 and 2 denote the respective problem such as structural or fluid problems, and n is a 
positive integer. Both 1t∆  and 2t∆  are selected to meet the stability criterion of each domain. The 
domain ‘2’ is solved n times before the interaction between the two domains are considered. 
Then, the staggered technique as described previously is applied to find the converged solution.  
 If fluid flow and fluid viscosity are neglected, the fluid domain is represented by the 
acoustic wave equation as expressed in Eq. (9).  However, instead of using the acoustic pressure 
as the primary variable, the velocity potential is used. The velocity potential is expressed as 
below: 
 v φ= ∇  (15) 
where v  is the fluid particle velocity and φ  is the velocity potential which also satisfies the wave 
equation as stated in Eq. (9). Then, the pressure is computed from 
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in which oρ  is the fluid density. 
 When the fluid moves with its viscosity, the Navier-Stokes equation is used to solve the 
fluid domain. The LBM is used for the fluid flow. The technique utilizes the following equation. 
 ( , ) ( , ) ( )x tf x e t f x t fα α α α α+ ∆ + ∆ = +Ω
    (17) 
in which αf  represents the particle distribution function whose velocity is along the α−direction 
of the lattice, and αe

is the specified velocity vector. When D2Q9 lattice scheme is selected for 
the two-dimensional domain, the velocity vector is defined as 
0 1 0 1 0 1 1 1 1
0 0 1 0 1 1 1 1 1
eα
− − − 
=  − − − 
         (18) 
The velocity vector is shown in Figure 2. Furthermore, αΩ  is the collision operator, and x∆  and 
t∆  are the lattice size and time increment. 
 The LBM consists of two steps. The first step is the streaming process and the second 
step is the collision or redistribution process. Particles at every lattice point are streamed to its 
neighboring lattice points using the lattice structure as shown in Figure 2. Then, redistribution of 
the particles is determined using the collision operator αΩ  as expressed in Eq. (19). Those two 
processes repeat for every lattice. 
    ( )1 f fα α αλΩ = − −
             (19) 
where αf
~  is the local distribution of equilibrium of αf , and λ  is the relaxation parameter.   
The local distribution of equilibrium is expressed as 
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where ρ and v  are the density and velocity of the fluid, and they are computed as below. 
   fα
α
ρ =∑             (21) 
and 
   1v f eα α
αρ
= ∑              (22) 
The weighting parameter ωα is for each velocity direction, and it is expressed as  
           








 = = 
 = 
                                     (23) 
 The boundary conditions for the LBM are presented next. A given velocity along the x-
axis at the left boundary of the domain has the density distribution function like the following: 
 1 5 8 0 2 3 4 6 7( )f f f f f f f f fρ+ + = − + + + + +  (24) 
    1 5 8 3 6 7( ) ( )in xf f f u f f fρ+ + = + + +         (25) 
    5 8 2 4 6 7( )in yf f u f f f fρ− = − + − +         (26) 
An algebraic operation of the above equations yields 
 ( )0 2 4 3 6 7
1 2 2 2
1 ( )in x
f f f f f f
u






f f uρ= +  (28) 
 5 7 2 4
1 1 1( ) ( ) ( )
2 6 2in x in y
f f f f u uρ ρ= − − + +  (29) 
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   8 6 2 4
1 1 1( ) ( ) ( )
2 6 2in x in y
f f f f u uρ ρ= + − + −         (30) 
A given pressure at the right side boundary is described next. The pressure outp  is 
converted into the fluid density outρ , and the density distribution functions are  
 3 6 7 0 1 2 4 5 8( )outf f f f f f f f fρ+ + = − + + + + +  (31) 
   3 6 7 1 5 8( ) ( )out out xf f f u f f fρ+ + = − + + +         (32) 
    6 7 2 4 5 8f f f f f f− = − + − +          (33) 
Since only 3f , 6f , and 7f  contribute into the flow domain, they are calculated as below with the 
outlet velocity ( )out xu .  
 ( )0 2 4 1 5 8( ) [ 2 2 2 / ] 1out x outu f f f f f f ρ= + + + + + −  (34) 
 3 1
2 ( )
3 out out x
f f uρ= −  (35)  
 6 8 2 4
1 1( ) ( )
2 6 out out x
f f f f uρ= − − −  (36) 
        7 5 2 4
1 1( ) ( )
2 6 out out x
f f f f uρ= + − −               (37) 
 The rigid boundary uses the bounce-back boundary condition. In other words, as fα  hits 
the rigid boundary, it reflects from the rigid boundary and propagates to the opposite direction. 
When the fluid interacts with a flexible structure, the fluid pressure yields the external loading to 
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4. Example problems 
 The first example was a simply supported beam subjected to a static uniform loading. 





=  where p is the load intensity, L 
is the beam length, and EI is the beam rigidity. The example was solved using different number 
of cells in order to investigate the converge rate. Figure 3 is the log-log plot of the % error as a 
function of number of cells used in the analysis. The plot shows the quadratic convergence of the 
solution. 
 The next example considered transient motion of a simply supported beam with a 
uniform load. The beam was initially at rest and a constant uniform load was applied. The beam 
has elastic modulus 70 GPa, mass density 2800 kg/m3, and 2 m long. The cross-sectional area is 
0.1 m x 0.1 m. The center deflection was normalized to its static loading deflection as shown in 
Figure 4. The FDCA solution is compared to the FEA result in the figure. The two solutions are 
on top of each other. The number of nodes in FEA was equal to the number of cells in FDCA.  
 The simple supports of the same beam as described above were replaced by clamped 
supports at the both ends. As a result, the geometric and material properties were the same as 
above, and a uniform load was also applied. The FDCA and FEA solutions are again compared 
each other in Figure 5. They agree very well as shown in the figure.  
 The following examples were for a square plate which has the dimension 1 m x 1 m and 
0.05 m thick. The material properties were the same as those for the beam example except the 
Poisson’s ratio 0.3. The plate was subjected to a contact pressure loading 10 N/m2 from the 
initial rest condition. The boundary of the plate was either simply supported or clamped along 
the edges. The FDCA solution for the center deflection of the simply supported plate is plotted in 
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Figure 6, while the solution for the clamped plate is given in Figure 7. The solutions were 
obtained 21 x 21 cells. 
 The analytical static deflections at the center of the simply supported and clamped plates 
are 0.0507 m and 0.0157 m, respectively, while the analytical periods are 4.208 sec. for the 
simply supported plate and 2.307 sec. for the clamped plate, respectively. The numerical 
solutions give the central peak displacement 0.1020 m for the simply supported plate and 0.0330 
m for the clamped plate. Those peak deflections are very close to the twice of the analytical static 
deflections. The numerical results show the period is 4.208 sec. for the simply supported plate 
and 2.321 sec. for the clamped plate. Thus, both analytical and numerical solutions agree very 
well.  
 The one-dimensional wave equation was analyzed using the FDCA technique. The initial 
pressure wave is located at the origin with an exponential shape of pressure distribution 
expressed as 
2 /100( , 0) xp x t e−= =  where x is the distance from the origin with 100 100x− < < . 
Figure 8(a) plots the initial pressure distribution. The D ’Alembert solution to the given initial 
pressure is 
 
2 2( ) ( )
2 21( , )
2
x ct x ct
p x t e e
− +
− − 
= +  
 
 (38) 
As the two split waves propagate in the opposite directions, they arrive at the boundary which is 
varied for different cases such as the rigid wall, free, and non-reflective boundary. To check the 
boundary condition, the pressure at x=50 is examined as a function of time. Figure 8(b), (c), and 
(d) plot the pressure time history for the rigid, free, and non-reflective boundaries, respectively. 
Each plot shows the initial wave which is one of the two waves in Eq. (38), and the reflected 
wave from the rigid and free walls. The rigid wall sends back the pressure of the same sign, 
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while the free wall reflects the pressure of the opposite sign. For the non-reflective boundary, the 
initial wave disappears. 
 The two-dimensional pressure wave propagation was analyzed. The wave equation was 
normalized such that the speed of sound became unity and the cell size was also unity. Then, the 
time step size was also unity. The initial pressure distribution is plotted in Figure 9(a) for the 
normalized square domain with 0 100x< <  and 0 100y< < . The initial pressure distribution is 
expressed as 
 
2 /400( , ,0) 1000 dp x y e−=  (38) 
where d is the distance measured from the center of the domain. The four boundaries are the free, 
rigid wall, and non-reflective boundary as sketched in Figure 9(a). After 42 time steps, the 
resultant pressure distribution is plotted in Figure 9(b). For the free boundary, because the 
negative pressure is reflected, when the total pressure is negative, the pressure is set to zero as 
cavitation. The top side of the domain shows the cavitation with the free boundary. The left side 
boundary shows pressure leaving out of the domain with the non-reflective boundary. Finally, 
the right and bottom sides show higher pressure with the reflection from the hard walls.  
 The next example is the interaction between a structure and an acoustic wave domain. A 
structure is in contact with water as sketched in Figure 10. The structure was modeled as a 
clamped beam which is 1 m long and has the beam rigidity 10,000 N-m2 and the linear density 
20 kg/m. The beam was subjected to dynamic loading with a uniform load intensity of 10,000 
N/m. The water domain has the speed of sound 1500 m/s and the density 1000 kg/m3. The water 
domain has L=1 m and H=3 m. 
 The first case considered zero velocity potentials for all fluid boundaries. The present 
FDCA solution is compared to the result obtained using the finite element analysis in Figure 11. 
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The finite element analysis modeled both the structure and the acoustic domain using the finite 
element method. The two results agree well. The interaction of the acoustic medium with the 
structure resulted in a lower frequency of the structural motion because of the added mass effect 
to the structure as illustrated in Figure 11.  
 The second case had rigid boundaries for the acoustic domain, and the domain height H 
in Figure 10 was varied from 1m, 2 m to 3 m. The reflected pressure waves from the rigid 
boundaries influenced the beam vibration. Figure 12 compares the center displacements of the 
beam for three different domain sizes. The shorter domain size resulted in smaller displacements 
of the beam because of faster return of the reflected waves. Figure 13 shows the pressure time 
history at the location 0.125 m below from the beam center. The graphs illustrate the return of 
the reflected pressure wave at different times. The time delay was proportional to the height H of 
the domain. 
The last set of examples studied the interaction between a flexible structure and fluid 
flow. It is a lid driven cavity flow as sketched in Figure 14.  The cavity has a square shape of 
0.24 m by 0.24 m. The bottom of the cavity is made of a flexible beam, while the two sides are 
rigid boundaries. A uniform flow velocity 2.22x10-3 m/s is applied to the top boundary of the 
cavity. The fluid has the density 100 kg/m3 and kinematic viscosity 1.35x10-4 m2/s, while the 
beam structure has the beam rigidity 667 N-m2 and the density 2000 kg/m3.   
Before solving the example, the LBM technique was verified against the analytical 
solution of a uniform channel flow as shown in Figure 15. The LBM solution agrees well with 
the analytical solution. Then, the FSI example of the lid-driven cavity flow was conducted. The 
flexible beam structure was modeled using either FEM or FDCA. The two results are compared 
in Figure 16 for the central deflection of the beam. Both solutions agree very well, too. 
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 The finite difference based cellular automaton technique was developed to analyze beam 
and plate bending problems. Then, the new technique was verified against other available 
solutions. Furthermore, the technique was also applied to the acoustic wave equation. Finally, 
fluid-structure interaction problems were solved using the present cellular automaton technique 
for the structural analysis while either the same cellular automaton technique or the lattice 
Boltzmann method for the fluid domain. When the fluid domain was represented by the acoustic 
wave equation, the cellular automaton technique was used. On the other hand, the lattice 
Boltzmann method was utilized for the fluid flow problem. 
 The current solutions agreed well with other solutions. The advantage of the present 
technique is its ease with programming and parallelization. It requires only a several lines of 
computer codes. However, to analyze a complex shape of domain, a refined cell or lattice 
structure should be used as compared to the finite element method. The technique should be 
further developed to overcome its shortcoming. The present technique may be coupled with the 
finite element method for a complex shape of domain.  
  
Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 






















[1] O. C. Zienkiewicz and R. L. Taylor, The Finite Element Method, 4th Ed., McGrow-Hill, 
London, UK, 1991. 
[2] K.-J. Bathe, Finite Element Procedures, Prentice Hall, Upper Saddle River, New Jersey, 
1996. 
[3] T. J. R. Hughes, The Finite Element Method: Linear Static and Dynamic Finite Element 
Analysis, Prentice-Hall, Englewood Cliffs, New Jersey, 2000. 
[4] J. E. Akin, Finite element analysis for undergraduate, Academic Press, London, UK, 
1986. 
[5] Y. W. Kwon and H.-C. Bang, The finite element method Using Matlab, 2nd ed., CRC 
Press, Boca Raton, Florida, 2000. 
[6] S. N. Atluri, The Meshless Local Petrov–Galerkin (MLPG) Method, Tech Science Press, 
Duluth, Georgia, 2002. 
[7] S .N. Atluri, and T. Zhu, “The Meshless Local Petrov–Galerkin (MLPG) Approach for 
Solving Problems in Elasto-Statics”, Comput. Mech., Vol. 25, 2000, pp. 169–179 
[7] S. Beissel, T. Belytschko, “Nodal Integration of the Element-Free Galerkin Method”, 
Comput. Methods Appl. Mech. Eng., Vol. 139, 1996, pp. 49–74 
[8] T. Belytschko, L. Gu, and Y. Y. Lu, “Fracture and Crack Growth by Element-Free 
Galerkin Methods”, Model. Simul. Mater. Sci. Eng., Vol. 2, 1994, pp. 519–534 
[9] T. Belytschko, Y. Guo, W. K. Liu, and S. P. Xiao, “A Unified Stability Analysis of 
Meshfree Particle Methods”, Int. J. Numer. Methods Eng., Vol. 48, 2000, pp. 1359–1400 
Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 

















Downloaded From: http://pressurevesseltech.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jpvtas/0/ on 02/27/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use
19 
 
[10] F. Moukalled, L. Mangani, and M. Darwish, The Finite Volume Method in 
Computational Fluid Dynamics: An Advanced Introduction with Open FOAM and Matlab,  
Springer, Heidelberg, Germany, 2015 
[11] S. V. Patankar, Numerical Heat Transfer and Fluid Flow, Taylor & Francis, 1980.  
[12] H. Chen, “Discrete Boltzmann Systems and Fluid Flows”, Comp. Phys., Vol. 7, 1993, pp. 
632-637. 
[13] S. Chen and G. D. Doolen, “Lattice Boltzmann Method for Fluid Flow”, Annu. Rev. 
Fluid Mech., Vol. 30, 1998, pp. 329-364. 
[14]  Z. Guo and T. S. Zhao, “Lattice Boltzmann Model for Incompressible Flows through 
Porous Media,” Phys. Rev. E, Vol. 66, Sep. 2002, p. 036304. 
[15]  G. H. Tang, W. Q. Tao, and Y. L. He, “Gas Slippage Effect on Microscale Porous Flow 
Using the Lattice Boltzmann Method,” Phys. Rev. E, Vol. 72 Method For Complex Flows, Nov 
2005, p. 056301. 
[16]  R. Nourgaliev, T. Dinh, T. Theofanous, and D. Joseph, “The Lattice Boltzmann Equation 
Method: Theoretical Interpretation, Numerics and Implications,” International Journal of 
Multiphase Flow, Vol. 29, Jan. 2003, pp. 117–169. 
[17] D. d’Hum`ıeres, “Generalized Lattice-Boltzmann Equations,” Rarefied gas dynamics- 
Theory and simulations; Proceedings of the 18th International Symposium on Rarefied Gas 
Dynamics, (University of British Columbia, Vancouver, Canada), July 1992. 
[18]  P. Lallemand and L.-S. Luo, “Theory of the Lattice Boltzmann Method: Dispersion, 
Dissipation, Isotropy, Galilean Invariance, and Stability,” Phys. Rev. E, Vol. 61, Jun 2000, 
pp.6546-6562. 
Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 


















Downloaded From: http://pressurevesseltech.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jpvtas/0/ on 02/27/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use
20 
 
[19] Y. W. Kwon and J. C. Jo, “Development of Weighted Residual Based Lattice Boltzmann 
Techniques for Fluid-Structure Interaction Application”, Journal of Pressure Vessel Technology, 
Vol. 131, June 2009, 031304. 
[20] S. R. Blair and Y. W. Kwon, “Modeling of Fluid-Structure Interaction Using Lattice 
Boltzmann and Finite Element Methods”, Journal of Pressure Vessel Technology, Vol. 137, 
April 2015, 021302. 
[21]  S. Wolfram, “Cellular Automaton Fluids 1: Basic Theory,” Journal of Statistical Physics, 
Vol. 45, 1986, pp. 471–526. 
[22]  U. Frisch, B. Hasslacher, and Y. Pomeau, “Lattice-Gas Automata for the Navier-Stokes 
Equation,” Phys. Rev. Lett., Vol. 56, Apr. 1986, pp. 1505–1508. 
[23] G. Doolen, (ed.) Lattice Gas Method for Partial Differential Equations, Addison-Wesley, 
1990. 
[24] J. Perdang, and A. Lejeune, (ed.), Cellular Automata: Prospect in Astrophysical 
Applications, World Scientific, 1993. 
[25] S., Wolfram, Cellular Automata and Complexity: Collected Papers. Reading, MA: 
Addison-Wesley, 1994. 
[26] S. Wolfram, (ed.). Theory and Application of Cellular Automata. Reading, MA: Addison-
Wesley, 1986. 
[27] K. Preston, Jr. and M. J. B. Duff, Modern Cellular Automata: Theory and 
Applications. New York: Plenum, 1985.  
[28] S. Wolfram, “Statistical Mechanics of Cellular Automata.'' Rev. Mod. Phys. Vol. 55, 
1983, pp. 601-644. 
Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 


















Downloaded From: http://pressurevesseltech.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jpvtas/0/ on 02/27/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use
21 
 
[29]  B. Chopard and M. Droz, Cellular Automata Modeling of Physical  Systems. Cam- bridge: 
Cambridge University Press, 1998. 
[30]  B. Chopard, “A Cellular Automata Model of Large-Scale Moving Objects,” Journal of Physics 
A: Mathematical and General, Vol. 23, No. 10, 1990, pp. 1671. 
[31] B. Chopard, P. Luthi, and S. Marconi, “A Lattice Boltzmann Model for Wave and 
Fracture Phenomena”, Cond-Mat, 1998, p. 98122201. 
[32] Y. W. Kwon and S. Hosoglu, “Application of Lattice Boltzmann Method, Finite Element 
Method, and Cellular Automata and their Coupling to Wave Propagation Problems”. Computers 
and Structures, Vol. 86, 2008, pp. 663-670.  
[33] L. E. Craugh and Y. W. Kwon, “Coupled Finite Element and Cellular Automata Methods 
for Analysis of Composite Structures with Fluid-Structure Interaction”, Composite Structures, 
Vol. 102, August 2013, pp. 124-137. Press,  
[34] Y. W. Kwon, Multiphysics and Multiscale Modeling: Techniques and Applications, CRC 









Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 






















































Journal of Pressure Vessel Technology. Received November 15, 2016; 
Accepted manuscript posted December 14, 2016. doi:10.1115/1.4035464 






















Figure 3. Convergence plot for simply supported beam with uniform pressure 
 
 
Figure 4. Vibration of a simply supported beam subjected to a uniform load 
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Figure 5. Vibration of a clamped beam subjected to a uniform load 
 
 
Figure 6. Vibration of a simply supported plate subjected to a uniform load 
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(a) Initial wave profile 
 
(b) Rigid wall boundary 
Figure 8. (Continued) 
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(c) Free boundary 
 
(d) Non-reflective boundary 
Figure 8. One-dimensional wave propagation and interaction with different boundaries 
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(a) Initial pressure distribution 
 
(b) Pressure distribution after 41 time steps 
Figure 9. Contour plots of initial pressure and propagating pressures after 80 time steps 
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Figure 11. Comparison of the center displacement of beam between FDCA and FEM  
 
Figure 12. Plot of the center displacement of beam with reflected boundaries of different acoustic 
domain size H in Figure 10  
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Figure 13. Plot of acoustic pressure at 0.125 m below the beam center with reflected boundaries 











Figure 14. Sketch of lid-driven cavity flow 
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Figure 15. Comparison of velocity distribution across the width of the channel 
 
 
Figure 16. Comparison of the center displacement of the beam inside the lid-driven cavity flow 
model 
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